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Abstract
Finite elementmethodscommonlyuseunstructured grids as the computationaldomain.As a matterof fact, the
volumevisualizationof theseunstructured grids is a time consumingtask.Here, the fastestknownobjectorder
algorithmis theprojectedtetrahedra algorithmof Shirley andTuchman.Evenwith theupcomingof programmable
graphicshardware, therenderingperformancedid notkeepupwith thegrowingcomplexity of thesimulationdata.
In this paperwestriveto improvetheperformanceof thecell projectiontechniqueby posingseveral restrictions
on theoptical model.Thisallowsusto devisea simplebut fasthardware-acceleratedalgorithmwhich is ableto
projectarbitrary polyhedral cells,that is tetrahedra, prisms,hexahedra, etc.For this reason,our algorithmis well
suitedfor thedisplayof unstructuredFEM mesheswith mixedcell types,but it is alsoapplicableto thereal-time
displayof gaseousphenonema,such as�r e andgroundfog.

CR Categories:I.3.5 [ComputerGraphics]:Computational
GeometryandObjectModeling,I.3.7 [ComputerGraphics]:
Three-DimensionalGraphicsandRealism.

Keywords: Direct volume rendering,unstructuredgrids,
cell projection.

1. Intr oduction

In the areaof volumevisualizationthe availability of pro-
grammablegraphicshardware has lead to both improved
performanceand renderingquality. In the caseof regular
datathepre-integrationtechnique3 is thepredominantrecent
improvement.While thepre-integrationtechniquehasbeen
appliedto unstructuredtetrahedralgrids even before12, the
performanceof unstructuredvolume renderingmethodsis
still poorcomparedto theregularcase.In this paperwe try
to narrow theperformancegapby posingseveralrestrictions
on theopticalmodel.This allows us to deviseanalgorithm
which ef�ciently utilizes thegraphicshardwareto speedup
unstructuredvolumerendering.

Typically, unstructuredgrids aregeneratedby �nite ele-
mentmethods.In order to visualizethe data,all cells �rst
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have to be sortedin a backto front fashion18; 1. After that,
eachcell is decomposedinto tetrahedrawhich canbe dis-
playedef�ciently usingthewell known ProjectedTetrahedra
(PT) algorithmof Shirley andTuchman14; 15. Actual imple-
mentationsof this algorithmachieve a peakperformanceof
250,00019 to 600,0004 tetrahedrapersecondincludingtimes
for sorting.Dueto thegrowing complexity of thesimulation
dataframeratesof lessthanoneframeper secondarestill
quitecommonfor typicalunstructureddatasets.

Recently, hardware-acceleratedmethodshave beenpro-
posedto speedup thePT algorithm,but with actualgraph-
ics hardwarestill no morethanapproximately480,00016 to
490,00020 tetrahedraare possible(timings do not include
sorting).Therealsoexist hardwareconceptsto overcomethe
speedlimitations,but it isuncertainwhentheseconceptswill
�nd its way into graphicsaccelerators6. Sincerecentefforts
to signi�cantly speedup the PT algorithm have not led to
satisfactoryresults,we pursuea differentstrategy in thispa-
per:First we evaluatethetheoreticallimit on thenumberof
polyhedrathatcanberenderedonactualgraphicshardware.
Basedontheseresultsweproposeareasonablemodi�cation
of theopticalmodelto approachthetheoreticallimit.

2. Theoretical Performance

In principal, all the facesof an unstructureddatasethave
to be treatedto reconstructthe ray integral exactly. For the
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caseof hexahedralcells, this resultsin 6 faceswith 4 ver-
tices each.Assumingthat the volumetric grid can be ren-
deredwith trianglestripping,8 verticeshave to be passed
down thegraphicspipelineperhexahedron.Actualgraphics
acceleratorsliketheNVIDIA GeForce3reachapeakperfor-
manceof about12million verticespersecondusingtriangle
strips(in practicalexperience).Thus,themaximumtheoret-
ical performanceof the NVIDIA GeForce3is 1.5 million
hexahedrapersecond.

In order to verify the theoreticalresult,we �rst applied
maximum intensity projection (MIP)5. The advantageof
MIP is thata volumetricgrid canbevisualizedjust by ren-
deringall thefacesof thecellsin anunsortedorder. Without
greatlossof accuracy the scalarvaluescanbe assumedto
vary linearly inside eachhexahedron.Then the maximum
projectedscalarvalueof eachraysegmentis eitherthevalue
on the front or on the back face.Using this approachwe
achievedaperformanceof 643,000hexahedraor 5.1million
trianglesper second.Assumingthat a hexahedronneedsto
bedecomposedinto at least5 tetrahedrato berenderedwith
the PT algorithmthe experimentalresultof 643,000hexa-
hedraper secondcorrespondsto 3.2 million tetrahedraper
second.This is still faraway from thetheoreticalmaximum,
but it is almosta magnitudefasterthanthe bestknown PT
implementation.

Theperformancefor suchasimpleopticalmodellikeMIP
is alreadyconsiderablylower thanthetheoreticallimit. This
is mainlydueto thelargerasterizationoverhead.Hence,it is
nosurprisethattheperformanceis evenworsein thecaseof
thestandardvolumedensityopticalmodel17. This is dueto
therequirementof visibility sorting.Conceptually, thetetra-
hedramustberead,written,andreadbackfrom mainmem-
ory for sorting(compareWittenbrinket.al19). With increas-
ing renderingspeedof thegraphicsacceleratorthememory
bandwidthconsumedby visibility sortingbecomesthelimit-
ing factor. Thisbehaviour startsatapproximately1.5million
tetrahedrapersecondonactualPChardware.Sincethetotal
performanceis currentlyonly around600,000tetrahedraper
secondthemainlimiting factoris still thegraphicsaccelera-
tor (andtheCPU).Wesuspectthatasigni�cant performance
bumpbeyondthementioned1.5 million tetrahedrapersec-
ondlimit is possibleonly with a structuralparadigmshift of
graphicsacceleratorsor specialpurposehardware.

3. ProjectedPolyhedra Algorithm

Becauseof the limiting behaviour of visibility sorting,we
deviseanef�cient algorithmfor anemissive opticalmodel8

which doesnot requiresorting. In our opinion this optical
modelcanbeconsideredto beagoodtradeoff betweenspeed
andquality. Theemissive opticalmodelneglectsabsorption
so that the ray integral is simply the sum of all emissions
alongeachray. As a welcomesideeffect sortingis not re-
quired,sincetheblendfunctionis commutative. In compar-
isonto thestandardopticalmodeltheemissive modelgives

lessvisual cluesbut as we will seethe implementationis
extremelysimpleso that it canserve asa fastpreview and
prototypingoption.

Recently, Mech9 proposeda methodto renderbounded
layeredfog usingan emissive optical model.The bounded
fog is de�ned within a triangularsurface meshwhich al-
lows for easyhardware-acceleratedcomputationof the ray
integral.Thelengthof eachray segmentis calculatedin the
framebuffer by codingthe distancefrom the nearclipping
planeinto the vertex color. Thenthe lengthof the ray seg-
mentscanbe computedby renderingthe backfacesof the
fog boundaryandby subtractingthe front faces.While this
approachis simpleyet very fast, it assumesa constantfog
densityandrequiresa12bit visualto eliminateMachbands.
In thefollowing weextendthisalgorithmto projectarbitrary
cell types,suchastetrahedra,hexahedra,or prisms,without
therestrictionto a 12 bit framebuffer andwith linearly in-
terpolateddensitieswithin eachcell.

Our so called ProjectedConvex Polyhedra(PCP)algo-
rithm requiresthreepassesper cell. In the �rst two passes
thenormalizedlengthof theraysegmentsis calculatedin the
alphachannelof the framebuffer. For this purpose,thedis-
tanced to thenearplaneis computedfor eachvertex of the
cell. Let dmaxdenotethemaximumdistancepercell, let dmin
denotethe minimumdistance,andlet Dd = dmax� dmin be
the differenceof both (seealso Figure 1). Then the back
facesof a cell are renderedinto the alphachannelof the
frame buffer with the alphacomponentof eachvertex set
to a = (d � dmin)=Dd. In thesamefashion,thefront facesof
thecell arerenderedinto thealphachannelwith subtractive
blendingenabled.As a result, the normalizedray segment
lengthsarenow availablein thealphachannelof the frame
buffer.

Dd
min d

near plane

Figure1: Projectionof polyhedral cells.

In the last pass all faces of the cell are rendered
into the color channelof the frame buffer. Let k(S) de-
note the transfer function of the emissive optical model
depending on the scalar value S. Then the color I
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of each vertex is set to I = k(S)Dd=2 using the fol-
lowing blend function in OpenGL notation: glBlend-
Func(GL_DST_ALPHA,GL_ONE). This effectively mul-
tiplies theaverageemissionalongeachraysegmentwith the
segmentlengthalreadystoredin thealphachannel.

In contrastto Mech's methodwe do not requirea 12 bit
visual,sinceweusenormalizedraysegmentlengthsfor each
cell. Anothersolutionto suppresstheMachbandswould be
to usethe �oating point rendertargetof actualPCgraphics
acceleratorssuchasthe ATI Radeon9700.However, since
the algorithm is mainly rasterizationbound the increased
bandwidthfor the�oating point rendertargetwould signi�-
cantlyslow down rendering.Also Mech'salgorithmis notas
�e xible asours.Usingourmethod,almostany desiredvolu-
metric object or (emissive) effect can be constructedfrom
tetrahedra,prisms,and hexahedrain a very compactway
(compareFigure2).

Figure 2: Syntheticdatasets:A search light with quadratic
intensityattenuation(top row), a laser cone(bottomleft),
and a camp�re generated with 3D Perlin noise (bottom
right).

4. Results

In principle, all typesof cells usedfor FEM suchas tetra-
hedra,hexahedra,prisms,pyramidsetc.arecompatiblewith
our approach.For thecommoncaseof projectedhexahedra
Schussmanet al.13 reportabout80,000hexahedraper sec-
ond.Weachieveabout212,000hexahedrapersecond,which
isaperformanceincreaseof 265%.Comparedto the643,000
hexahedraper secondof the MIP method,the performance
differenceis mainly dueto the increasednumberof render-
ing passes(3 insteadof 1).

In Figure3 and2 exampledatasetsareshown thathave
beenvisualizedwith thePCPalgorithm.Thecorresponding
timingsaregivenin Table4. To speedupprojectionhexahe-
drawith zeroemissionwerediscarded.

Figure3: Blunt Fin andBucky Ball dataset.

Dataset dimension #hexahedra framespersec.

BluntFin 32� 32� 40 37,479 8.5

Bucky Ball 32� 32� 32 29,791 15.9

SearchLight 16� 4� 32 1,395 115.8

CampFire 16� 16� 16 3375 51.3

Figure4: Timingsfor hexahedral projection.

5. Application Example: Ground Fog

Besidesthe application areaof scienti�c volume visual-
ization as demonstratedin Figure 3 the performanceand
�e xibility of the proposedcell projectionalgorithm paves
the way for other �elds of application.As an example,we
demonstratethe real-timedisplay of naturalgaseousphe-
nomena.In principle,all effectsrelatedto light-emittinggas
canbe modeled.In particular, the displayof groundfog in
terrain renderingscenariosbene�ts from our algorithm,as
shown in thefollowing.

In a terrainrenderingscenariothelandscapeis commonly
givenasaheight�eld. Here,thebasicideato displayground
fog is to use a secondheight �eld (the ground fog map)
which de�nes theheightof the fog layerabove theground.
Eachtriangleof thesurfacemeshis treatedasabasetriangle
ontowhich a vertically alignedprismis stacked.Theheight
of theprisms,thatis theheightsof thethreeverticaledgesof
eachprism,arederived from thegroundfog map(seeFig-
ure5).

At the top left of Figure 6 an example height �eld of
YukonTerritory, Canada,is depicted.Theshown groundfog
hasbeengeneratedwith 2D Perlin noise10. In order to re-
ducethenumberof displayedtrianglesandstacked prisms,
we useda continuouslevel of detail (C-LOD) approach7; 2.
The appliedterrain renderingalgorithm11 also implements
geomorphingso that the popping effect is suppressedef-
�ciently . This allows the viewer to �y throughthe ground
fog withoutexperiencingany temporalaliasingartifacts.We
achieved an averageframerateof approximately25 Hertz
for a window sizeof 512� 384. Insidethe fog, we have to
take careof prisms that intersectthe nearclipping plane.
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triangulated surface

stacked prism

base triangle

edge height
is derived from
ground fog map

Figure5: Stackingprismsontoa triangulatedsurface.

In sucha casetheray segmentlengthsarepartially invalid,
sincethe correspondingback facesare not renderedcom-
pletely. To circumventthisproblem,wealsorendertheinter-
sectionof eachprismwith thenearclipping planewith a =
(dnear� dmin)=Dd afterthesecondpass.Thesamestrategy is
necessaryafterthethird pass:Theintersectionof eachprism
with thenearclippingplaneis renderedwith correctlyinter-
polatedcolorsto avoid thepartialdisplayof clippedtetrahe-
dra.

The groundfog in the valley as shown at the top right
of Figure6 is displayedwith maximumintensityprojection.
The correspondingheight �eld has beenpaintedby hand
with a standardimagemanipulationapplication.Sincethe
MIP methodrequiresonly one passin comparisonto the
threepassesof the PCPalgorithm the rasterizationbottle-
neckis reducedsigni�cantly. This leadsto morethantwice
theframerate(> 50 Hz) asin thepreviousexample.

Despitethe seeminglyunsuitableoptical modelwe have
founda reasonablesetupfor theMIP method:Thefog's op-
tical densityis setto zeroat thebottomof theprisms.At the
top of theprismsthe densitycorrelatesto the heightof the
fog layer. Although this settingdoesnot reproducethe fog
physicallyit is well suitedfor thereal-timedisplayof foggy
areasin interactive entertainmentwherefog canbe usedas
a gameplay relevantelement.

Anotherapplicationareaof thedescribedgroundfog ren-
dering methodis the display of the Aurea Borealis,since
polarlight is a purelyemissive naturalphenomenon.We set
up a height �eld that correspondsto the penetrationdepth
of theparticlesinto theearth's ionosphere.Theresultof this
procedurecanbeseenat thebottomof Figure6.

6. Conclusion

We have presentedtwo fastyet simplecell projectionalgo-
rithms,namelytheMIP andthePCPmethod,thataresuited
for maximum intensity projection or an emissive optical
model,respectively. The algorithmsarecapableof project-
ing arbitrarypolyhedralcells.Thereforethey canbeapplied

Figure 6: Groundfog generatedwith 2D Perlin noise. Top
left: Emissiveoptical model.Top right: MaximumIntensity
Projection(MIP). Bottom: AureaBorealis(polar light).

to visualizemixed type meshesthat aregeneratedby FEM
simulations.Due to their �e xibility , they arealsosuitedfor
thedisplayof volumetriceffectsin interactiveentertainment.
Wehave demonstratedthisby rendering�re andgroundfog
in real-time.
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