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Abstract
For the visualizationof volumedata the application of transferfunctionsis usedwidely. In this area the pre-
integration techniqueallows high quality visualizationsand the applicationof arbitrary transferfunctions.For
regular grids,thisapproach leadsto a two-dimensionalpre-integrationtablewhich easilyfits into texturememory.
In contrast to this, unstructuredmeshesrequire a three-dimensionalpre-integration table. Asa consequence, the
availabletexturememorylimits theresolutionof thepre-integration tableandthemaximumlocal derivativeof the
transferfunction.Discontinuityartifactsariseif theresolutionof thepre-integration tableis too low.
Thispaperpresentsa novel approach for accurate renderingof unstructured grids usingthemulti-texturing ca-
pabilitiesof commodityPC graphicshardware. Our approach achieveshigh quality by reconstructingthecolors
andopacitiesof thepre-integration tableusingthehigh internal precisionof thepixel shader. Sinceweare using
standard 2D multi-texturingwearenot limitedin thesizeof thepre-integration table. Bycombiningthisapproach
with a hardware-acceleratedcalculationof thepre-integration table, weachievebothhigh quality visualizations
andinteractiveclassificationupdates.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.1 [ComputerGraphics]:PictureandImageGen-
erationGraphicsprocessors;I.3.3 [ComputerGraphics]:PictureandImageGenerationViewing algorithms.

Keywords: VolumeRendering, UnstructuredMeshes,Cell Projection,GraphicsHardware, Texture Mapping.

1. Introduction

Due to the increasingflexibility of commodity graphics
hardware the pre-integrationtechniquehasbecomewidely
available for the visualizationof volume data on regular
grids.Previous approachesfor unstructuredmeshes,that is
irregular tetrahedralgrids, employed a 3D texture to ef-
fectively apply pre-integration.Although the resultingim-
agesare of high quality, thereare several restrictionsdue
to thelimited amountof availabletexturememory. Transfer
functionswith high gradientsrequirea high resolutionpre-
integrationtable,whichdoesnotfit easilyinto thededicated
texturememory. To circumventthisrestrictionweproposeto
implicitly storethe3D textureby meansof multiple2D tex-
tures.Thenthecolorsandopacitiesof thethree-dimensional
pre-integration table can be reconstructedaccuratelywith
thehigh internalprecisionof thepixel shader.

1.1. Related Work

Direct volume renderingof unstructuredmesheswas dra-
maticallyacceleratedby theProjectedTetrahedra(PT)algo-
rithm of Shirley andTuchman13� 18. In orderto compensate
for thelimitationsof thePT algorithmthereexist numerous
competingapproaches,suchasray tracing3, ray casting14,
slicing 23, andsweep-planealgorithms17.

The original PT algorithminterpolatesthe opacitiesand
colorslinearlybetweenthevertices,resultingin Machbands
as reportedby Max et al. 6. Extending the original al-
gorithm, Stein et al. 16 presenteda solution for the cor-
rect interpolationof opacitiesby utilizing 2D texture map-
ping. However, this methodis restrictedto linear transfer
functions for the opacity and still interpolatescolors lin-
early ignoring the transfer function inside the tetrahedra.
Roettgeret al. 11 presentedan improvementto this algo-
rithm using pre-integrated2D textures and a linear inter-
polation of the opacity. They also introduceda new tech-
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niquewhichis basedon3D texturemapping.This technique
allows the correct interpolationof both the colors and the
opacitiesemploying the pre-integration methodfirst intro-
ducedby Max etal. 7. Although3D texturemappingis avail-
ableon recentPCgraphicshardware,the limited amountof
texture memoryrestrictsthe accuracy of the classification.
Thereforeclassificationscontaininghigh gradientsdo not
renderacceptableresults.ModernPCgraphicshardware,for
instancethe ATI Radeon8500andtheNVIDIA GeForce4,
allow more sophisticatedapproachesusing dependenttex-
tures,multi-texturing, per-pixel shading,andhardware ac-
celeratedpre-integration.This enablesus to overcomethe
limited sizeof thethree-dimensionalpre-integrationtable.

1.2. Paper Overview

Theremainderof this paperis organizedasfollows: In Sec-
tion 2 the basic cell projection algorithm and the optical
modelusedthroughoutthe paperaredescribed.A new ap-
proachfor approximatingthethree-dimensionalray integral
by meansof multiple 2D texturesis discussedin Section3.
An efficient hardwareacceleratedcalculationof the ray in-
tegral is givenin Section4. Employing thenew approxima-
tions,theexperimentalresultsobtainedondifferentgraphics
hardware are presentedin Section5. Finally, we conclude
ourpaperandoutlinefuturework.

2. Basic Algorithm

The ProjectedTetrahedraalgorithmcanbe outlinedasfol-
lows: All tetrahedraaresortedaccordingto their visibility
(seealso19� 14� 15� 1), classifiedto their projective profile and
split into trianglesas seenin Figure 1. In a more general
approacheachcell is split into several tetrahedraduring a
precomputationalstep.However, it is alsopossibleto render
hexahedralcells directly usingthe extensionof Schussman
andMax 12. Althoughour approachis compatiblewith this
extension,werestrictourselvesto tetrahedrathroughoutthis
paper.

While the original PT algorithmusesa linear interpola-
tion of colors and opacitiesbetweenthe triangle vertices,
Stein et al. suggestto use a 2D texture map for the ex-
ponentialinterpolationof the opacities.The texture coor-
dinatesassignedto eachvertex correspondto the average
extinction coefficient τ andthe thicknessl of the projected
cell, whereasthe texture map containsthe α-component
set to α � 1 � e� τl . Since the texture coordinatesare in-
terpolated linearly, this approachis restricted to linear
transferfunctionsτ � τ � f � x 	 y	 z
�
 with f being the scalar
function. In their high accuracy volume renderer(HIAC)
Williams et al. 21 extendedthis approachto piecewise lin-
eartransferfunctions.

Assuminga linear interpolationinside the tetrahedra,it
caneasilybeseenthat f varieslinearly alongeachviewing
ray. Thereforethe integratedchromaticityC andopacityα
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Figure 1: Classificationof non-degeneratedprojectedtetra-
hedra (top row) andthecorrespondingdecomposition(bot-
tomrow) according to 13.

of the ray segmentcan be definedby a three-dimensional
function dependingon Sf , Sb and l (seeFigure 2). Using
theopticalmodelof Williams andMax 20� 8� 21 with thechro-
maticity vectorκ � κ � f � x 	 y	 z
&
 andthe scalaroptical den-
sity ρ � ρ � f � x 	 y	 z
&
 , theray integral is givenasfollows:

Sl � x
'� Sf ( x
l
� Sb � Sf 


C � Sf 	 Sb 	 l 
)� * l

0
e�,+ t

0 ρ - Sl - u./. duκ � Sl � t 
&
 ρ � Sl � t 
&
 dt

α � Sf 	 Sb 	 l 
)� 1 � e�,+ l
0 ρ - Sl - t ./. dt

Sf Sb

l

Figure 2: Intersectionof a tetrahedral cell with a viewing
ray. Sf and Sb are the scalar valuesof the front and back
face, respectively;l denotesthelengthof theraysegment.

Theseintegralsarecomputedusingthenumericalintegra-
tion describedby Engelet al. 2. For eachcompositingstep
we calculatethecolor I 0 of a pixel from thepreviouscolor I
by usingthefollowing blendoperation:

I 0 � C ( � 1 � α 
21 I 3
c
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Employing the 3D texturing approachas proposedby
Roettgeret al. 11 both κ andρ neednot be linear, thusar-
bitrary transferfunctionscanbe applied.However, 3D tex-
turesrequirea hugeamountof texture memoryto achieve
high quality imagesfor arbitrarytransferfunctions.Beside
thememorylimitationsof consumergraphicshardware3D
texturemappingalsoresultsin adecreasedrenderingperfor-
mance.

3. High Resolution Ray Integral

Sincehigh resolution3D texturesrequirehugeamountsof
texturememory, weseparatethethree-dimensionalfunction
of thevolumedensityopticalmodel.Unfortunately, only the
opacitycanbe separatedeasily. The chromaticityneedsto
be approximatedby meansof a linearcombinationof two-
dimensionalfunctions.

3.1. Opacity Reconstruction

Sincetheopacitydependson theaveragedensityalongthe
viewing ray and the length l of the ray segment,it canbe
separatedasfollows:

ρ̂ � Sf 	 Sb 
'� * 1

0
ρ � Sf ( t � Sb � Sf 
&
 dt (1)

α1D � x
'� 1 � e� x (2)

For eachrenderedpixel we derive the averagedensityρ̂
from a 2D texture map(Equation1) andcomputethe final
opacity α1D by meansof a 1D dependenttexture lookup
(Equation2).

In order to further increasethe accuracy of the recon-
structedα values,thedependenttexture is extendedto hold
thehigher8 bits of a 16 bit α valuein the alphachannelA
andthelower8 bitsin theadditionalluminancechannelL. In
orderto mapthemaximum16bit α valueto 1, it is scaledby
thefactor256

257. Sincetheresultingequationα1D � 256A
257 ( L

257
is linear, the texture interpolationdelivers a true 16 bit α
lookup.

Comparedto thelinearapproximationof theopacityusing
the2D texturing approachof Roettgeret al. 11 theresulting
imagesaresignificantlyimproved,asillustratedin Figure3.

3.2. Chromaticity Reconstruction

In order to achieve a high-quality approximationof the
chromaticity, wepre-integratethenormalizedchromaticities
Ĉl � Cl

αl
for l 4 0 and l � lmax with lmax being the maxi-

mum lengthof the ray segments.The normalizedemission
Ĉ0 andthe difference∆C1 of the normalizedemissionsĈ0
andĈlmax

arestoredin two high resolution2D textures.The
latteremissionsaredefinedasfollows:

linearα

linearα

wireframe

exponentialα

Figure 3: Comparisonbetweenlinear approximationand
correct exponentialα. Thecorrespondingtransferfunction
which is split into normalizedemissionand opacitycan be
seenbeloweach image.

Ĉ0 � Sf 	 Sb 
'�65 1
0 κ � S1 � t 
&
 ρ � S1 � t 
�


5 1
0 ρ � S1 � t 
&


Ĉlmax
� Sf 	 Sb 
'� C � Sf 	 Sb 	 lmax


α � Sf 	 Sb 	 lmax

∆C1 � Sf 	 Sb 
'� Ĉlmax � Sf 	 Sb 
7� Ĉ0 � Sf 	 Sb 


Usingthetexturesetupof Table1, we implementthefol-
lowing approximationof the volumeoptical densitymodel
by utilizing dependenttexturesandthe pixel shaderon the
NVIDIA GeForce424 andtheATI Radeon85009 graphics
adapter:

C � Sf 	 Sb 	 l 
)8 Ĉl in � Sf 	 Sb 	 l 
 α � Sf 	 Sb 	 l 

Ĉl in � Sf 	 Sb 	 l 
)� Ĉ0 � Sf 	 Sb 
 ( l

lmax
∆C1 � Sf 	 Sb 


α � Sf 	 Sb 	 l 
)� α1D � lρ � Sf 	 Sb 
&


unit coordinates RGB A

0 Sf , Sb Ĉ0 � Sf 	 Sb 
 ρ � Sf 	 Sb 

1 Sf , Sb ∆C1 � Sf 	 Sb 
 -
2 lρ � Sf 	 Sb 
 - α1D � lρ � Sf 	 Sb 
&


Table 1: Texture setupfor dependenttexture mapping.
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This is a linearapproximationin l for every pair of Sf and
Sb. As seenin Figure4, the linearapproximationis not ac-
curatefor transferfunctionsthatcontainhigh gradients.For
an improved reconstructionwe approximatethechromatic-
ity by apolynomialof degreen 9 1 in l with thecoefficients
C̃i , i � 0 3&3�3 n. This is similar to thepolynomialtexturemap-
pingapproachof Malzbenderetal. 5, whichreconstructsthe
colorsof a surfaceby a biquadraticpolynomial.In our case
theapproximatedchromaticityis givenby thepolynomial

C � Sf 	 Sb 	 l 
)8 α � Sf 	 Sb 	 l 
 n

∑
i : 0

l i

l imax
C̃i � Sf 	 Sb 
;3

To compute the polynomial coefficients C̃i we pre-
integratethechromaticityat l � i

lmax
for i � 0 3&3&3 n andcon-

structa polynomial througheachof thesepoints for every
pair of Sf andSb. This correspondsto the computationof
n ( 1 sliceswith l � const of thepre-integrationtable.

Sincethenumberof textureunits is limited, we canonly
usea polynomialapproximationwith a degreeof up to 2 on
theGeForce4andof upto 4 ontheRadeon8500.In thelatter
casetherasterizationperformancedropsby almost50%,but
the quality of the approximationis only improved slightly.
Thereforeapolynomialdegreeof 2 shouldbepreferred(see
Figure4). Thecorrespondingtexturesetupsaredepictedin
Table2. Thepolynomialcoefficientsarescaledto themaxi-
mumpossibletexel range < � 1 3&3&3 1= to improve theprecision
of the approximation.Additionally, the α valuesarerecon-
structedwith 16bits of accuracy.

unit coordinates RGB A

0 Sf , Sb C̃0 � Sf 	 Sb 
 ρ � Sf 	 Sb 

1 Sf , Sb C̃1 � Sf 	 Sb 
 -
... ... ... ...
n Sf , Sb C̃n � Sf 	 Sb 
 -

n+1 lρ � Sf 	 Sb 
 - α1D � lρ � Sf 	 Sb 
&

Table 2: Texture setupfor polynomialcolor approximation
of thethree-dimensionalray integral (with a maximumpoly-
nomialdegreeof n � 2 on theGeForce4andof n � 4 on the
Radeon8500).

4. Hardware Accelerated Pre-Integration

In order to visualize volume data comfortably one needs
to changethe transferfunction interactively. Whenever the
transferfunctionis modifiedthepre-integrationtablehasto
be recomputed.For a resolutionof 5122 anda polynomial
degreeof 4, for instance,this requiresapproximately11sec-
ondsona Pentium4 runningat 2 GHz which is far tooslow
for interactive updatesof the transferfunction. In order to

linearchromaticity

linearchromaticity

wireframe

quadraticchromaticity

Figure 4: Comparisonbetweenlinear and quadratic color
approximationcombinedwith 16bit α, for thetransferfunc-
tion seenbeloweach image.

speedup thecalculationof thepre-integrationtablewe uti-
lize graphicshardwarefor thepurposeof numericalintegra-
tion. Wemaintaina high level of accuracy by usingthehigh
internalprecisionof thepixel shader.

The numerical integration of the ray segmentsis per-
formedby samplingthe integral m times.At eachsampling
step,the integratedchromaticityκ andthe integratedopac-
ity α areblendedwith thecorrespondingentriesof thetrans-
fer function.

As describedby Engelet al.2 the integratedopacitycan
becalculatedquickly by thedifferenceof two definiteinte-
grals.If self-attenuationis assumedto benegligible thesame
approachcanbe usedto efficiently calculatethe integrated
chromaticities.This assumptionis valid for volumeslicing,
sincetheraysegmentlengthsl areusuallysmall.In thecase
of unstructuredvolumerendering,however, thisassumption
doesnot hold, thusself-attenuationcannotbeneglected.As
a consequence,thenumericalintegrationof thechromatici-
ties is not fastenoughto achieve interactive updatesof the
transferfunction.But accordingto Roettgeretal 10, thechro-
maticitiesof onesliceof thepre-integrationtablecanbeinte-
gratedin parallelby usingahardware-acceleratedapproach.
For eachslice with a constantray segmentlength l this is
accomplishedby blendingm quadrilateralscontainingthe
sampledtransferfunctionfor everypairof Sf andSb into the
framebuffer. Thesampledtransferfunctionis reconstructed
from a1D texture(seeTable3). For thispurpose,thetexture
coordinates of eachvertex of thequadrilateralsis assigned
asshown in Figure5.
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s=1-i/(m-1)

s=0 s=i/(m-1)

s=1

i=0,...,m-1

Sf

Sb

Figure 5: Texture coordinate setup for the hardware-
accelerated pre-integration of one slice of the three-
dimensionalpre-integration table.

As the 8 bit frame buffer depthof currentPC graphics
hardware limits the accuracy of the numericalintegration,
we integrate the chromaticitywith the higher internal ac-
curacy of the pixel shader. Combiningtwo channelsof the
frame buffer for each integratedcolor componentof the
chromaticity, a total accuracy of 16 bit canbe achieved. In
practicehowever, a bit depthof 12 hasturnedout to besuf-
ficient.

Westorethechromaticityandopacityof thetransferfunc-
tion for a givenlengthl andthenumberof integrationsteps
m in a 1D texture asdefinedin Table3. To effectively rep-
resenthigh gradientsin the transferfunction, we construct
the 1D texture with the highestpossibleresolutioninstead
of usinga linearinterpolationof the1D texture.

channel meaning value

red high8 bit (chromaticity) κ � s

green low 4 bit (chromaticity) κ � s

blue high8 bit (opacity) 1 � e� l

mρ - s.
alpha low 4 bit (opacity) 1 � e� l

mρ - s.
Table 3: 1D texture used for hardware-accelerated pre-
integration.

On the Radeon8500the numericalintegration is imple-
mentedusingamethodcalledpingpongfiltering 9. For each
blendingstepanRGBA texturecontainsthepreviously inte-
gratedchromaticityin thered(high8 bits)andalphachannel

(low 4 bits). First, theoriginal 12 bit chromaticityis recon-
structedin thepixel shaderby multiplying thelow bits with

1
256 andaddingtheresultto thehighbits.Notethatatexture
entryof 255in thehighbitsalreadyrepresentsavalueof 1 3 0.
Next, the chromaticityandopacityof the transferfunction
arereconstructedfrom the 1D texture in the samefashion.
Then the chromaticityis multiplied by the opacity, the re-
sult of theprevious iterationis multiplied by oneminusthe
opacity, andthesumof bothyieldsthenew integratedchro-
maticity. Finally, the integratedchromaticityis split into 8
high and4 low bits andis written backinto thecorrespond-
ing pingpongtexture.

The Radeon8500masksout all bits representingvalues
higherthan1 3 0 or lower than 1

256. Thereforethehigh 8 bits
areextractedautomatically, whereasthe low 4 bits areex-
tractedby simply multiplying the 12 bit chromaticitywith
256.In contrastto this, theGeForce4alwaysusessaturation
logic insteadof bit masking.Thereforethe low 4 bits can
only beextractedon theRadeon8500.

A speedupof nearlytwo is achieved by performingfour
subsequentintegration stepsat once in the pixel shader.
SinceeachRGB color componenthasto becomputedsep-
arately, thehardware-acceleratedpre-integrationneedsto be
performedthreetimes for every requiredslice of the pre-
integrationtable.Eachcomponentof a pre-integratedslice
is transferredbackinto mainmemoryandrecombinedwith
theothercolorchannels.This resultsin 9 pre-integrationcy-
cles for a polynomial approximationof a degreeof 2, for
example.

In contrast to software numerical integration, this
hardware-acceleratedapproachallows to updatethe pre-
integrationtableinteractively. With respectto integrationac-
curacy the hardware-acceleratedmethodexhibits a higher
integrationerrorwhich is dueto the12 bit quantization.An
exampleof thesequantizationartifactsis givenin Figure6.

Figure 6: Comparisonbetweenhardware (left) andsoftware
(middle)pre-integration, including the error (right, scaled
bya factorof 8 andinverted)for m � 128samplingsteps.
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